Structure of MHD turbulence in large-Prandtl-number plasmas by Schekochihin, A A et al.
[id:303,1]
Advances in Turbulence IX
Proceedings of the Ninth European Turbulence Conference
I.P. Castro & P.E. Hancock (Eds.)
c©CIMNE, Barcelona 2002
Structure of MHD turbulence in
large-Prandtl-number plasmas
A. Schekochihin1, J. Maron1, S. Cowley1 and J. McWilliams2
1Imperial College, London SW7 2BW, England
2UCLA, Los Angeles, California 90095-1565, USA
Contact address: a.schekochihin@ic.ac.uk
In turbulent MHD systems where the ratio of fluid viscosity and magnetic
diusivity (the magnetic Prandtl number, Pr = ν/η) is very large, there exists
a broad range of subviscous scales available to magnetic fluctuations, but not to
hydrodynamic ones. This MHD regime is encountered, for example, in such as-
trophysical environments as the interstellar medium and protogalactic plasmas,
where Pr can be as large as 1014 to 1022 [2].
Since the fluid is highly conducting, the magnetic-eld lines are (nearly)
perfectly frozen into the fluid flow. The fluid motions, even though restricted
to the scales above the viscous cuto, can excite magnetic fluctuations at much
smaller scales via stretching and folding of the eld lines. The resultant folding
structure is characterized by very rapid transverse variation of the magnetic
eld B, which flips its direction at scales ultimately bounded from below only
by the resistive length. However, the eld lines remain largely unbent up to the
scale of the flow [5] (cf. [4] and see more discussion below).
Quantitatively, the intermittency of the eld distribution and the eld-line
geometry can be studied in terms of the PDFs of the eld strength B = jBj and
of the eld-line curvature K = jb^  rb^j (here b^ = B/B).
In the weak-eld (kinematic) limit, MHD turbulence reduces to the problem
of passive advection of a vector eld by a turbulent velocity eld. The mag-
netic energy grows exponentially and the small-scale folding structure is formed
at the time scale associated with the eddies that turn over the fastest (i.e., in
Kolmogorov turbulence, the viscous-scale eddies). Physically, this follows from
the fact that the turbulent eddies act on the small-scale elds as a sequence of
randomly applied \stretch-and-fold" linear-shear transformations. An expand-
ing lognormal distribution of the eld strength emerges, which is qualitatively
explained in terms of the Central Limit Theorem.
All of the above results can be derived analytically in the framework of the
Kraichnan model of passive advection. Within the same model, we study the
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geometry of the eld lines and establish that the eld-line curvature attains a
stationary distribution:





5d− 1 − 1, (1)
where d is the dimension of space, and the curvature K is normalised to a value
of the order of the inverse velocity scale. In 3D, the power tail is  K−13/7,
which is in very good agreement with numerics. We also nd that the eld
strength and the curvature are anticorrelated, i.e. the growing elds are mostly
flat, while the curved elds in the bends of the folds remain relatively weak.
The tail of the curvature PDF characterises the highly intermittent statistical
distribution of these bends. These results constitute a quantitative description
of the folding structure of the small-scale magnetic elds (see [5] for a complete
account of this theory).
An important consequence is that the eld settles into a reduced-tension state:
the tension force can be estimated by B rB  kkB2 in most of the system and
the eective parallel wavenumber of the eld kk  k? and is of the order of
the inverse size of the viscous-scale turbulent eddies. Therefore the nonlinear
back reaction, which comes from the tension force, sets in when the energy of
the eld (possibly in a local sense) becomes comparable to the energy of these
eddies. Note that in a randomly tangled unstructured eld, kk  k?, and the
tension would be much larger: B  rB  kηB2, where kη is the resistive cuto.
No satisfactory analytical description of the nonlinear state is as yet available,
so one must be guided by results of numerical experiments. The main obstacle in
the way of a denitive numerical study is the tremendously wide range of scales
that must be resolved in order to adequately simulate the large-Pr MHD: indeed,
one must resolve two scaling intervals, the hydrodynamic inertial range and the
subviscous magnetic one. Since this is not feasible, we propose to simulate the
initial stage of the nonlinear evolution up to the point when the total energy of
the magnetic eld equalises with the energy of the viscous-scale turbulent eddies.
This stage can be studied in the viscosity-dominated MHD regime where the
hydrodynamic Reynolds number Re is order one and the external forcing models
the energy supply from the larger eddies. Moreover, one can argue [3] that once
the magnetic energy does equalise with that of the smallest eddies, the magnetic
back reaction leads to suppression of the shearing motions associated with these
eddies. Larger-scale eddies, which are more energetic (but have slower turnover
rates), continue to drive the small-scale magnetic fluctuations until the latter
become strong enough to suppress these eddies as well. This process continues
until the entire inertial range is suppressed, so that the system asymptotes to a
state where the energy received by the outer-scale eddies from the external forcing
is transfered directly into the small-scale magnetic fluctuations. Speculatively,
this could be thought of as some eective renormalisation of Re, so that the nal
statistics of the magnetic eld would again be described by the low-Re MHD
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Figure 1: PDFs of the eld strength:
onset of nonlinearity and saturation.
Figure 2: PDFs of the eld-line curva-
ture in the steady state.
model. Some numerical evidence supporting this picture is given in [3].
In our simulations, we choose Re  20, so the forcing and viscous scales are
comparable, and study the statistics of the subviscous-range magnetic fluctua-
tions. After the initial kinematic growth stage, the statistical steady state is
achieved where the total magnetic and hydrodynamic energies are equal.
(1) The level of intermittency is lower than in the kinematic case, the eld-
strength distribution developing an exponential tail. The kurtosis of the eld
decreases to hB4i/hB2i2  4 after growing exponentially in the kinematic stage.
The partial suppression of intermittency indicates a plausible scenario for the
onset of nonlinearity (see Figure 1). The kinematic dynamo gives rise to a highly
intermittent lognormal spatial distribution of the eld strength. Already early
on, when the total magnetic energy is only a fraction of its saturated value, there
are tiny regions where the magnetic-energy density locally approaches values
comparable to, and greater than, the energy density of the fluid motions. This
activates the nonlinear back reaction in these regions, so as to suppress further
growth of the eld there. As the overall amount of the magnetic energy grows,
the fraction of the volume where nonlinearity is at work increases until the
nonlinear state is established globally. In the process, the magnetic elds become
more volume-lling and, consequently, less intermittent (cf. [1]).
(2) The folding structure of the eld is unchanged from the kinematic case:
namely, the anticorrelation between the eld strength and the curvature persists
(their correlation coecient is rK,B = hK2B2i/hK2ihB2i − 1 ’ −0.7 regardless
of Pr; see also Figure 3, which illustrates the dynamical nature of this anticorrela-
tion) and the distribution of the curvature retains the same power tail  K−13/7
(see Figure 2). We nd this last feature particularly remarkable: indeed, not
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Figure 3: Instantaneous cross-sections of the eld strength (left) and curvature
(right). Here Pr = 250. Darker areas correspond to larger values.
only does a kinematic theory based on the synthetic Kraichnan velocity eld
predict a quantitatively correct nontrivial scaling for the tail of the curvature
PDF, but this scaling also survives in the fully nonlinear case! The physical
reason for the preservation of the folding structure is that the fluid motions at
subviscous scales are suppressed and cannot \unwrap" the folds.
It is interesting that all of the above appears to hold also in simulations with
more realistic Re (up to 103) but relatively small Pr (down to values of order one).
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